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For obvious reasons, the self-diffusion coefficient in bounded many-body
systems must be strictly zero, provided that it is defined as the ]imit of
{[R(t) — R(0)I%>/(2td) when t grows indefinitely [d is the dimensionality,
R(7) is the position of a given particle at time 7]. Thus, the time integral
of the velocity correlation function is strictly zero. A system of hard points
on a half-infinite line with a reflective wall at the origin does exhibit this
property of absence of diffusion, since each particle has an average position.
We study in detail the difference between the velocity correlation functions
of the infinite and of the half-infinite systems.

KEY WORDS: Nonequilibrium statistical dynamics; one-dimensional
hard-point gas; semiinfinite line; self-diffusion coefficient; dynamics of
large systems; long-time behavior.

1. INTRODUCTION

At the IUPAP Meeting at Chicago in 1971, Lebowitz emphasized that the
self-diffusion coefficient in a bounded, many-body system is just equal to
zero, since the mean square displacement of a particle in a box cannot grow
indefinitely. In particular,? this prevents one from defining the self-diffusion
coefficient of an infinite system as the limit of the coefficient of sets of larger
and larger systems. Thus, it is of some interest to look at a model where the
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behavior of the velocity time correlation could be studied in detail near the
thermodynamic limit.

Some years ago, Jepsen® and Lebowitz et al®?® found the exact
velocity time correlation of a one-dimensional system of hard points. In
particular, they found that, for a Maxwell velocity distribution, the asymp-
totic behavior of this function is given by

@i0)i(t)y = [(5/2m) — 11(2m)~**(pt)~® ()

where p denotes the number density of the hard-point system and the units
are chosen so that kT/m = 1. Most of these results remain true for a system
of hard rods of length b, provided that p is replaced by p(1 — pb)~1.

In this paper, we use the methods developed in Ref. 3 to study another
one-dimensional model which at first sight does look rather similar to the
Jepsen model but actually behaves in a very different manner: We consider
an infinite gas which is the limit of a system of N hard points on a half-line
of length L (N, L — o0, p = N/L finite). At the origin of the axis, there is
by assumption, a purely reflective wall or ““mirror” (see Fig. 1).

If there was diffusion in the usual sense, a given particle should go away
from the mirror and, since no particle comes from behind the mirror, the
number density in the space between the wall and the particle should decrease
indefinitely; such a situation looks very unlikely, and this explains why the
self-diffusion coefficient is zero in this system. Thus, in this half-infinite
system, the behavior of the velocity autocorrelation function must differ
from that in a system infinite in both directions. However, one may expect
that, when the particle is very far from the mirror on the average, the short-
time behavior of the velocity time correlation does not change too much with
respect to the case of the full infinite line. Actually, the perturbation becomes
important only at times of the order of the mean distance of the particle to
the wall. In some sense, this distance plays a role more or less similar to the

position oxis

axis

Fig. 1. Trajectories of some particles on a semiinfinite line. Particles are considered as
hard points.
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one of the size of a bounded system; in fact, when it grows indefinitely, the
correlation at finite times keeps its value for an infinite system, although its
integral remains equal to zero, as for a bounded system. Accordingly, one
may hope to get some insight into the behavior of the time correlation near
the thermodynamic limit from a: study of this half-infinite system.

In this paper, we derive first the mean value of the pth power of

A1) = Ry(7) — R.(0)

where R.{7) is the position of the particle of rank » on the line at time »
(this means that n — 1 particles lie between this particle and the mirror).
Then, we can. derive the correlations of its velocity as they are related to each
other in an elementary way. The final expressions of these correlations
depend on the equilibrium velocity distribution. For a system of hard
points on a line, the collisions do not change this velocity distribution, and
it may be chosen almost freely. Actually, it does not depend on time, pro-
vided that the ensemble of initial conditions is such that the positions of the
particles are uncorrelated and their number density is space independent. In
the case of a Maxwellian distribution, we show that for finite times and large
n (i.e., when the particle is far from the mirror), the velocity correlation
function for infinite and half-infinite systems are nearly equal; on the
contrary, their asymptotic behaviors strongly differ from each other for long
times of the order of n/p.

2. FORMULATION OF THE PROBLEM

The self-diffusion coeflicient of the nth particle on the line is related to
the velocity self-correlation by the Einstein formula:

D= " a0

where V,(7) is the velocity at time 7 of the particle of rank » on the half-line.

In order to compute the time correlation functions of the hard-point
system, we shall use the method of Jepsen and of Lebowitz e al., which
allows one to replace the time correlation function of the hard-point system
by some other correlation of a free point system with the same initial con-
ditions. We shall denote by capital letters the dynamical variables of the
hard-point system [R,(t'), V,(¢'),..., are position, velocity,..., of the nth
particle at time #’] and by lower case letters the variables of the free point
system [r(r), v(t),...].

Our objective is to prove that D, is just equal to zero for any value of #
in the case of a half-infinite line. Actually, we have found that it is slightly
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easier to study the long-time behavior of

A1) = {[Ru(1) — R(O)]% @

which is the mean square displacement of the nth particle between times 0
and 7. It is easy to show from the Einstein relation

D, = % lim (d/d)3,70) (3a)

that there is no diffusion (i.e., D, = 0) if A,%(¢) tends smoothly to a constant
value at 1 — oo. Furthermore, the asymptotic behavior of {V,(0)V,(¢)> may

be deduced at once from that of A,%(¢) by using the formula
VaOVu(r)) = Hd?|dt*)A%(2) (3b)

Now we have to calculate the average. Following Lebowitz and Percus,®
we. replace the complicated problem of averaging for hard points by a
simpler problem of averaging for free points: In a collision between two
particles i and j, it is equivalent to saying that they have exchanged their
velocities or that they have permuted their indices. At time ¢, the particle i
is then represented by a free particle & which has at time ¢ the same rank on
the line as particle i at time 0. The reflections on the wall at the origin may
be accounted for by replacing the system of points on the half-line by a
system of 2N hard points on a line of length 2L, symmetric with respect to
the origin and without the wall at the origin. A collision of a particle against
the wall is then replaced by an exchange of index !with its ““mirror” particle
(see Fig. 2). We do not care about the boundary conditions at the other end
of the line, since we suppose in any calculation that the limit of an infinite
line i5 taken before any other limiting process, so that our results do not
depend on these boundary conditions. In particular, the mean square

mirror part

» position axis
of the position ™.
~

axis

time axis

Fig. 2. Exchange of the indices of the real and mirror particles at r = 0 (reflection).
Particles are considered as free points. The trajectory given by the solid line is that of
the real, hard-point particle.
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displacement is allowed to grow like the time provided that this displacement
is assumed to be much smaller than the length of the line, as we should do.

We come now to the formulation of the problem. We denote by r;, v;
(is£0,i=—=N,., —1, +1,.., + N) the position and velocity of particle i
at time ¢ = 0. We shall call particles with positive indices real particles
(0 < i £ N) and those with negative indices, mirror particles; the particles
are numbered in such a way that

Foy= —rn, Vo = —U;

To one unit, the rank of particle k on the line at time ¢ can be defined as the
integer function

olt) = D elrt) — ri0)] )
iFk
where e(x) is the Heaviside step function

e(x)

1 when x>0
=0 otherwise

&)

and, of course, 0 < o,(¢) < 2N — 1.
The average value A, ?(¢) of the pth power of the distance A,(#) = R,(¢) —
R,(0) of the nth real particle from its original position is

AR = > (R = RO Sonen-1)

i=1,-N
= Z rit) = rOF 85055 +n-1 00,0100
FJ=N,N;j#0
i=1,,N
or

AXR) = > L+ ot = B Senen-1 Somn0) (6)

A Syl il

In the above expressions, §, ; denotes the Kronecker symbol

S,5=0 if «a#p
Sep=1 if a=§ )

and the averages are now taken with the equilibrium weight for free points
on a line of length L: '

[T do howetr) ®)

where #,(x) is the velocity distribution function, which is quite arbitrary, but
which we shall choose as a Maxwellian

ho(x) = (2m) =12 exp(—x?/2) (9a)
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Notice that in the above relation, units are such that kT/m = 1. In the
following sections, we shall need also the related functions Erf x (error
function) and ®(x) (half collision frequency) defined by

Erf x = f ho(v) do (9b)
[}
and
O(x) = f Exfody = ho(x) + x Erf x (9¢)
0

Starting now from Eq. (6), we are led to split A,?(r) into four terms

ALP(t) = Ay + A + Ax + A4 (10)
with
A, = Nt of Sai(t),ui(O)sai(O),N+n—1> (11a)
' PP 2r; ?
4, = (—1) z 7 + Sa_i(t),ai(O) 3::,(0),N+n—1 (llb)
» rJ‘. _— ri r
Ay = N(N —~ 1) T + v, 801(0,01(0) o0y, N+n-1 (11¢)

, r;+r »
Ay = (“UpN(N - l)t”<[—7-t—~— + UJ'] 80_,(0,01(0) 8(&(0),N+n—1> (Hd)

where indices / and j denote real particles (r;, ¥, = 0) and indices —/ and
—Jj the corresponding mirror particles. It is important to realize that the
indices / and j are no longer an indication of a rank on a line but represent
any one of the real free particles.

The contributions 4, and A4, are very similar to those of the full infinite
line, while 4," and A, appear in the case of the half-infinite line only, since
they account for the case when particles initially behind the mirror have at
time ¢ the same rank as particle » at time zero. At large n, the contributions
A," and A4, will be important for times of order n, which are required for the
arrival of a mirror particle at a distance np~* from the mirror on the positive
axis. The four contributions listed in (11) are calculated in Appendix A and
are given by Eqgs. (A.3) and (A.5), respectively. However, they are complicated
even for n = 1 and we need the help of a computer to get many of them.
However, we can perform the calculations in two limiting cases, which are
actually the cases of interest: (i) long-time behavior for arbitrary n [see
Eq. (A.6)] and (ii) finite time and large n [Egs. (A.4), (B.3), and (B.4)].
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3. THE RESULTS
As explained in the introduction, we are mainly interested in the prop-
erties of the time correlations near the thermodynamic limit. From this

point of view it is enough to consider the behavior of A,?(¢) first when the time
increases indefinitely for an arbitrary s, and then when » increases, the time
remaining fixed. In this section, we shall briefly list the results.

3.1. Long-Time Behavior
The only important contributions arise from A, and A4,’. Taking only
the dominant part, we get

Anp(t) ~ A2 + Az’ = 2A2

—- n-1
xn-1 w’
H

1 @« , @ , , »
= F’fo dw fo dxfexp(— e’ — x)(w" — x) G D=1

For p = 1, we recover A, (t) = 0, i.e., {R,(t)> ~ {R,(0)> = n/p, since the gas
is invariant with respect to time translation. The nth particle oscillates around
its position with a width given by

A2(t) = 2n/p® (12)

and then the self-diffusion coefficient D, is zero; as a supplementary result,
we get the factorization property®

(Ro)RA(0)) ~ {(Ru(1))<Ra(0)

and more generally

CexplikR(t)] exp[— ik R(O))> ~ {explikRu(1)])<exp[ ik R(O)>  (13)

‘Forp > 2, all the calculations are tractable but it seems to be more interesting
to study directly the distribution law p,(Z) of the displacement Z = p A,(7)
around its initial position; we get

pZ) = (exp —IZI)LDO do’[exp(—2w")] (nw'_'l)! (w’(};f—_]zll)):-l (14a)

which is an even function of Z because of the time reversal symmetry.
Notice that |Z|/p may become larger than the mean distance (R (0)> = n/p
(for example, Z < —n), since there is a nonzero probability that R,(0) takes
very large, positive values. The function p, is plotted in Fig. 3 for n = 2, 8.
When n — co, for finite Z, p,(Z) is a small constant, — 1/2(wn)*'2; for |Z| ~ n
it decreases exponentially to zero.
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Fig. 3. Plot of p.(Z) vs. |Z| for n = 2(dashed curve) and n = 8 (dotted line). We have
indicated the beginning of p,(]Z]) when n = 100 (solid line); the function is nearly a
constant for |Z| < 5.

The behavior of the displacement Y = p[R,(t) — (n/p)] around the
average position is quite different; the distribution law g,(Y) reads

—_— (Y+n)n—1 ~(Y+n
g(Y) = (Y + ")W‘? rem
and e(x) is again the Heaviside step function, which takes into account the
fact that a particle cannot go behind the mirror. This distribution law g,(Y)
is, of course, the same as the distribution law of the static fluctuations (i.e.,
the fluctuations at a given time with the equilibrium ensemble) of the position
of the nth particle around its average position. When n > 2, g,(Y) varies
slowly near the reflecting wall; for large n, ,(Y) is maximum around ¥ = 0,
with a width of the order of 4/n and a value which decreases like 1/(2mn)*2.

We can now investigate the higher order terms. For rather large n
(n> 1 but n « N), A is quite negligible and so is 4,". All the largest contri-
butions at every order in 7~ arise from terms A4,, 4A;'. From expressions
(A.9) for A, and A, and for p = 2 we get

Ay = (nfp®) + (0/p%t) + O(77)
Ay' = (n/p?) — [4n(n + 1)[p*t] + O™

(14b)

whence from (3b)

Ty~ -FEED 4 o (s

Because of their complexity we have not calculated the higher order terms
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in the long-time expansion of (V,(0)V,(r)> but presumably they are of order
n**+1/pk*2r% since no cancellation seems to occur for & > 1. Then, the ex-
pansion of the velocity autocorrelation function {V,(#)V,(0))> has a general
term of order (n/f)**2; a characteristic ““cutoff” time ¢* appears, which is
of the order of 2n/p; it is the time necessary for the mirror particle to come
in the vicinity of the studied particle and for large n, the tail of the velocity
correlation function keeps the same ¢~® behavior as for the infinite system,
except that the coefficient in front of 77°% is changed and grows larger and
larger when the particle goes farther and farther from the mirror.

Notice that for the first term of the expansion (of order 1) 4, gives no
contribution at all and that the correction arises because of the mirror term
A, It is possible that the predominance of the 4, term survives for higher
terms in the large-r expansion, but we have not been able to prove it.

3.2. Large-n Behavior

For finite times (or rather pt « #n), the only contributing terms, 4; and
A,, are given by Eqgs. (B.3) and (B.4), which are the same as the terms giving
the mean square displacement for a hard point on an infinite line (see
Appendix B).

3.3. Finite-n Behavior
In order to illustrate the difference between <{[R,(t) — R.(0)]*> for a

semiinfinite and for an infinite line, we have studied the cases » = 1 and
n = 8. For n = 1, formulas (A.3) and (A.5) become
A, = t"(pt)f+ i 017 dvy ho(vy)
x [ do o) expl—pil2o — ©2) = O = ) + V@)
4, = (——l)ptp(pl)fo v, ho(ty)

y jo doo ()20 — 1,)? explpte, — DQw — v,) + Dvy)}

A, = I‘p(pl‘)sz dw’Jm (@ — x)7 dx
x [+ 4+ Etflw’ — x)][I — Erf(o’ + x) — Erf(o’ — x)]
x exp{—pt[x + o’ — A(o’, X)]}

A, = [p(pl‘)Qf dw’f (@ — x) dx

x [4 — Erf(o’ + x)])[l — Erf(o’ + x) — Erf(o’ — x)]
x exp{—pt[x + o — A(w’, x)]}
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After some manipulations we get for n = 1
A+ A+ Ay + A
= ot [ dr Tl + (=P expl—pr(@)} [ dy expl—pty + pr()}
X {ho(w) + ho(p) + pt[l — 2 Erfy + Erf? y — Erf? o]} (16a)
and for n > 1, we get the general formula
Ay + A + Ay + A

= (o) f " dofexpl— pt@@)(yll + (~17]
xfm@wm—mwm@w»
X {,ZO i (n(it)l ) {w 7 - 00) + ‘D(“’)]

< 152 - 00) + 0| 100) - D@

X [ho(y) + ho(w) + [Jt(l -2 El'fy 4 Erfzy — El'f2 w)]

n~-2 tl o 4+ l
* ,;) nn (n(P—)z — ) [ B Y- O(y) + (D(w)]

< [L52 - 00) + 0@ 100) - o

2pt
x [Erf2 y — Erf?w + TTPT (% - O(y) + (D(w))
x (Erf y — Erf?y + Erfzw)-—l——%{—warfw]} (16b)

Functions (16a) and (16b) for n = 1, 8 are plotted on Fig. 4 for p = 2
(mean square displacement of the first and eighth particles) after computa-
tion by a double Gauss integration method. The corresponding average for
an infinite line also has been represented and its linear (oc Dt) asymptotic
behavior is quite clear. The curve for n = 1 departs very quickly from the
curve n = o0 and then tends slowly to its limit value of 2. For n = §, the
departure from the curve n = 8 begins at pf ~ 5, and then it goes very slowly
to its limit value 16 (for pt = 40, it has not yet reached the value 14).
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Fig. 4. Plot of <[R.(t) — R.(0)]>> vs. time pt for an infinite line (solid curve) and for a
semiinfinite line when » = 1 (dashed curve) and #n = 8 (dotted curve).
APPENDIX A. CALCULATION OF A4,, A,, A,, A/
We shall detail the calculation of the “*direct” term A4; only and give
some indications for 4,’, A5, and 4.
A.1. Calculation of 4; and A,’

We start from (11a} and use for the Kronecker symbols the representa-
tion of Ref. 3. We have

Sutronor = | 22 explitot) — oi0)]
aih),01(0) — Jo I eXpyiv|o; a (O]}

27

=J gg exp{iffe(r; + v;t) — e(r))}

X H exp{—ible(r, — ;) + e(r; + 1]}

1#i

X exp{i@[e(h ll & + Uit - Ult) -+ E(ri + 4] + Uit + Ulf)]}



494 A. Gervois and Y. Pomeau

and
“dp .
Baiorvn- = | 5 explipe(r)] expl~ig(N + n = 1)]
0o

x H expliple(r; — 1) + «(r; + 1)1}

I#1i

A first integration gives for [ = 2

f dv; ho(v) explifle(r; — r; + vt — 0t) + e(r; + 1, + vit + v2)]}

= e”’{l — [(1 — cos 0)sg w — isin 9][Erf(w + ?) + Erf (w — %)}}

= e¥F(w, 0, rft) (A.D)
which defines the function F. We have set

w = l’i + ri/t (AZ)

and sg x is the'sign function (sg x = x/|x]). The integration over r, is straight-
forward. We now perform the integration over ¢; doing so, we select the term
as e~ D2 For n « N, we get

(pt )" f*‘” f‘” fﬂ ds »
A =17 dvy v,Pho(v1) | do | 5= ef8@eind
1 (” _ 1)’ . 1 ¢1 fp\ll o o 277

n—1
X {ft% — (1 = cos 6) sg w — isin G]A(w, ’—tl)}

X exp{—pt({;E — [(1 —~ cos ) sg w — isin 9][A(w, fti) - w]}

where A(w, x) = O(w + x) — D(w — Xx).

Now, when w < 0, the variable 6 appears through the combination
e~ only and the integration for 0 < 0 < 27 gives zero. When w > 0, both
combinations e~ % and ¢ appear and the integration over ¢ selects the term
as e!™~ V¢ of the last two products in the integrand ; this simply means that the
mirror particle has not yet crossed the wall. The final result is

Y (pt)n +wd ?h (v wd
Al =1 (n — 1)‘ U1 Uy 0(l1) we(w)

conf -l e sfu ]

< o (7 - 23]
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AT

where ri/t = w — v;.

Coming now to the mirror term A4,’, it can be seen that the #-integration
can be restricted to w < 0 (the mirror particle has crossed the wall) and one
obtains

Ay = (= Ty (P’)l)'f dvlho(vl)f o(— ) duo

x (w + f?l)l’exp{ptvl — ptA (w, ft%)}

PR I

Expressions (A.3a) and (A.3b) are complicated even for n = 1 and we
need the help of a computer to get numerical results. However, we can
achieve the calculations in two limiting cases, which are actually the ones of
interest.

(a) Long-Time Behavior for Arbitrary n. Most of the integrand is con-
centrated near v, = 0, w = 0 with a spread of the order of ¢~ It is then
easy to verify that A(w, r,/t) behaves like r~2, then that A4," behaves like
t~2, and A, like r~*; the dominant contribution arises from the term / =
n — 1 when neglecting A(w, r,/t).

For p = 2 and long times, the contribution to m of A4, + A,'is then
of order ! and reads

2h,(0) 1 f ° ® _
A A [ 0 s 2,-0 d —-2w, n-1 n—1
1+ A, e T T = DI, dv; vi’e 1£ we W Yw + vy)
The integrals are elementary but become very tedious for large n. In this
latter case, a rough majoration gives

, C n?
A, + A, gp—siﬁ

where C is a constant; this contribution will become negligible in the evalua-
tion of the asymptotic behavior of the velocity correlation function, as we

shall see in the next section.

(b) Finite Time and Large n. When ¢ is finite (pt ~ 1) and the particle
is far on the line, we expect to recover the same behavior as for a double
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infinite line, since the particles coming from behind the mirror have not yet
perturbed the region surrounding the particle of rank n. We can see this as
follows.

When n is large, every term in the summation >7-4 has the same impor-
tance but, because of the presence of the hq(v;) factor, it gives a nonnegligible
contribution only in a region of the (w, v;) plane where v, is finite and w
(or x = ry/t) is large. In this region, A(w, r/t) = x + tv;, — ®(v,) + terms
which decrease like h,(x) at large x; whence

A1 jad ZPJ\"' L dl)l Ulpho(Ul) exp{_m [%_1_ + (D(Ul)}}Joo dw(pt) exp(—Ptx)
X Z;O [(D (Ul)l!‘;!vlz/‘ﬂ (pt)m {pt[x +(n%g)_l- I?(Il;ll)]}n_l_l
or
A, = th' ® dvy ho(v,)v:"{exp[ — ptp(v)Mo(pt [0 (v1) — v:2]12) (A4)

where I(x) is the modified Bessel function, u(x) = 2®(x) and is the collision
frequency (we have used here the notation of Ref. 3). As briefly sketched in
Appendix B, we get the same result as for a hard-point gas on a full infinite
line. The remaining problem is the estimation of the error in replacing 4,
by its limiting expression (A.4).

Similar arguments hold for A;’, but since e is limited by the condition
v, € w £ 0, 4;" is exponentially decreasing with » large, i.e., the mirror
contribution does not affect the short-time behavior, as expected.

A.2. Calculation of 4, and A,’

The method explained above is still valid. We only give the results
(for n « N)
() f f
— IJ —_—
Agy P dx (0" ~ x)*
x [Erf " — Erf(o’ — x)}{1 — Erf(e’ + x) — Erf(o’ — x}}

x exp{—pt[x + o — A(w’, X)]} ZZO 7 (l(i —1)!2)(}!1(21)21 -

% [x = Ao, 9’ — Mo, ) HA, )PP

» (pt)" * '’ v w — %)
+ 1 (n—z)zfo d L dx (o — x)

x [Erf o' — Erf(o’ ~ )][Erf(w’ + x) + Erf(w’ — x)]
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x exp{—pt[x + o' — Aw’, x)}zl'_l"l_(;—%———);({)—t);)'

X [x — A, )]0’ — A, X)J[A(e, x)]* 727!
p (ot e % , »
+ o B 1)!fo do fo dx (o — X)
x [4 + Erf(o’ — x)][1 — Erf(o’ + x) — Erf(o’ — x)]

, , (= DI (pr)
x exp{—pf[x + o' — Ao’, X)I} Zo Ntn—1-=10)!

x [x = M@, N’ — A, DAL, DP-!
, (pt)’”’l «© , © , )

+ ¢ 61_—_1—)![0 dw J;) dx(w - x)

« [+ + Exf(e’ — x)][Erf(e’ + %) + Erf(e’ — x)]

n—1 — { -1
x exp{—ptlx + o — AMe', x)]} 1=Zl n (n(;i 1 1_)‘1()p!t()l - D!

X [x — A, )J o’ = A, )] A, 0 (A.5)

A very similar formula gives A4,’, except that the factor [Erf o’ — Erf(o’ — x)]
which appears in the first and second integrands is replaced by [Erf(«” + x) —
Erf w'], although the factor [ + Erf(w’ — x)] which appears in the third
and fourth integrands is replaced by [+ — Erf(w’ + x)]. Again the exact
formulas for A, and A4," are complicated and we shall study only the two
limiting cases of Section 3.

(a) Long-Time Behavior for an Arbitrary n. The integrand is concen-
trated around o’ = 0, x = 0 and «’, x are of order =1, whence A(w’, x) =
O(t72). Then the four contributions to A4, (resp. A4,') are of order t~1, 172,
1, and 771, respectively. We shall neglect O(¢~2) terms again. The dominant
contribution in the first and fourth terms comes from the maximum value of
land A ~ 0; the second term is negligible. As to the third term, a little more
care is necessary, since we must keep the two largest contributions, i.e.,
(1) lpaximem = R — 1, with the second correction, (ii) { = n — 2 with A = 0.

Collecting all these results, we get for 4,

ho(O)J' cor [ Cx Xl

Y do' e 0 dx e *(w' — x)* =T =D (first term)
/70(0) » oo , e e} . . , xn_lw/n—l

+ PleJo dw' e fo dx e *(w x) G =T =)

(fourth term)
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11 @ ) ® X" lwm -1

N p~w (e ~x¥ —

2p”f0 dw'e fo dx e *(w' —X) CERNICER)
[dominant contribution (i) of the third term]

+ 50

p+1t

[rest of (i) of third term]
1h0(0) ot x""2 "7
2pp+1tf de’ f dxe™ ' = XY o =y
[(ii) of third term] (A.6)
A very similar formula holds for A4,". We do not write it here. The only

difference appears in the fourth term of Eq. (A.6) [referred to as “rest of (i)
of third term ™}, which must be replaced by

J deo ’e“*’f dx e o' — xPlw'x — x = (1 — D@ + %]

p;ﬂ?)t J dw’ e- f dx = %o’ — X)Pw'x — 20" — x — (1 — 1)@ + %]

xn_l wm—l

- Dim =D

(b) Finite Time and Large n. The problem does not differ very much
from that for A, and A4,". Starting from Eqgs. (A.5), we see that the dominant
contribution to 4, (resp. A,") comes from a domain where »’ and x are both
large but w” — x remains finite. Then A(w’ x) ~ o' + x) — Ol ~ x).
Setting now as new variables v = o’ — x, v' = Ko’ + x) — ©(v), and inte-
grating over v’, we get the same expression as the result given for the infinite
line in Eq. (B.4) in Appendix B.

Coming now to 4,’, there is a big difference since the functions Erf(w’ + x)
— Erf " and § — Erf(w” 4+ x) are replaced by + (Erf2¢" — %), which vanish
as ho(2v") for large v'; the contribution of A4, is then negligible, as expected.

APPENDIX B. THE VELOCITY AUTOCORRELATION FUNCTION
FOR HARD POINTS ON AN INFINITE LINE
The system is considered as the limit of a gas of N points on a line of
length L (for example [—L/2, +L/2]). Because of the translational invariance,
the result does not depend on the initial rank of the particle. The mean square
displacement can be rewritten, using averages for free points on an infinite
line,

{[R.(t) — R(O)®
= t%:? 85,,00000) + (N — 1)t2<[r2 : £ + U2]2 802(t),o1(0)> (B.1)
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with the statistical weight

¥ dr L L
H —Z’ho(v,) dy, and -z <n<3 (B.2)

Using the integral representation of the Kronecker symbol, the first
term is

+ @ 2z
tf dvy hovy)v,? d() f dv, ho(v))
- o o l> 1

Li2
3 %%mwwn—n+vﬂ—mo—4n—nm

-Lj2
+ @
~ t2f dv, ho(v)v,?
NILZ;.Ogmte o
2 do .
X f — exp{itp sin fv; — tp(1 — cos u(v,)}

o 27
(see Ref. 3)
+ o

= fzf dvy ho(v1 Yo, L(pt{u®(v,) — 0:2]%) exp[~ptu(vy)]

(B.3)
where upfv;) is the collision frequency

[:2@(01) -2 f " Erfxdy = fj: o, — xlho(x) dx]

We recover the limit expression (A.6) for large » and for 4,. The second term
reads

+ 0 +w
ﬂw—nf mmmﬂ dvy ho(vs)

" J«-#L/2 dr1 +Li2 dr2 (r2 — Fy 4 )2
r - 7 \7T7 2
e L L t

~Li2

2n da
X f 5 exp{ife[r, — ry + vot — v3t] — i0e(r; — ry)}

Li2
f doihoe) [ & dr
1=3 Li2

x exp{ifle(ry — 1, + vot — vt) — e(ry — 1))}

+ @ +
~ [2f dl)l ho(vl)J< de h0(02)

N-—
NiL=p

Xf_m g 2= —rl)f”gﬁ( t)( — +vz)2
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x exp{ifle(ry — r1 + vot — vyt) — e(ry — o)1}

x exp{itp sin 0(r2 : by 1)2)

— tp(1 — cos O (fz—:—ﬁ + vz)}

Setting [(r, — r1)/t] + v, = w and integrating over v, and (r, — ry)/t.
we get

+ 2n d0
tzf w? a’wf pt =— exp{itp sin 6w — tp(1 — cos Ou(w)}

e o 2m

1 4 e
2

[1 + €
x

(- Erfw][

+ (1 - e Erfw]

. + © ) 2n d0 . .
=1 w? dw pl‘-27r explitp sin bw — tp(1 — cos Ou(w)}
- 0

X [1-—_‘——2328——6 + 2isin 8 Exrf @ — 2(1 — cos ) Erf? w]

o

ﬂlwwm%rwwmmwm—wW%

i

_ 2ptw
(@) — ]
— 2(} + Erf? w)e™“pt[Io(pt[p(w) — w?)*?)
[ '
T (@) — T Iy’ (pt[*(o0) — wz]”z)} (B.4)
which is exactly the limiting expression (A.11) for large » and for 4,. More-
over, we can say that for finite time and for any smooth function F

11_1:110<F[Rn(r) - Rn(o)]>half—inﬁn1te line = <F[R1(t) - Ri(o)]>inﬁniteline

L' (pt[p*(w) — @®]"%) Erf o]

the correction being of order n~2 at most since R,(t) — R,(0) remains
finite for small ¢.
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